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SUMMARY
The present paper discusses how overall vehicle stiffness is affected by
local joint stiffness. By using the principle of virtual work and the minimum
strain energy theorem, a closed form expression for the sensitivity coefficient
has been derived. The insensitivity of the vehicle stiffness to a particular
joint, when its stiffness exceeds a certain value (or threshold value), has been
proved mathematically. In order to investigate the sensitivity of the structure
to the joint stiffness, a so-called "stick" model has been created, and the
modeling technique is briefly described. Some data on joint stiffness of tested
vehicles are also presented.
INTRODUCTION
Over the years, the study of the joint behavior of vehicle structures has been
identified as one of the most important subjects in the automotive industry. It
is widely known that the flexibility of structural joints can affect not only the
NVH (Noise, Vibration and Harshness) characteristics of the vehicle, but also
other vital structural performance characteristics under various loading condi-
tions (e.g. crash loads, road loads, jacking load, towing load, etc.).
The first study which accounted for the effect of flexible joints on
automotive structural responses was by Chang [i] who used a two-dimensional frame
model for a static analysis. He found that the structural response is far more
sensitive to reducing joint stiffnesses (relative to the baseline values) than to
increasing them. Recently a similar phenomenon was reported by Du and Chon [2],
and it was claimed that there might exist a threshold stiffness value in a given
joint of a vehicle structure. In other words, if a joint stiffness exceeds the
threshold value, then the overall stiffness of the structure becomes insensitive
to the particular joint.
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The objective of the present paper is to demonstrate this phenomenon
theoretically by showing that the derivative of the total strain energy with
respect to a particular joint stiffness decreases and becomeszero as the joint
stiffness approaches infinity. It should be noted that under the sameloading and
boundary conditions, the structure which contains higher strain energy is less
stiff than the structure with lower strain energy. In this paper, a closed form
expression for the sensitivity coefficient has been derived, using the principle of
minimumstrain energy and the principle of virtual work. In order to investigate
the sensitivity of the structure to joint stiffness, a so-called "stick" model has
been created, and the modeling technique is described. The last section discusses
joint behavior, in general, by comparing the analytical results with test data.
Discussion of other component behavior is also given based on the sensitivity
coefficients derived in the paper.
SYMBOLS
Pi
Qj
ui
qj
S
Sp
Su
Djk
U
QjW
Qr
Nr
bm
Nb
n_
Vm
generalized force vector
generalized stress vector
generalized displacement vector
generalized strain vector
surface of the structure
surface where the force vector, Pi' is prescribed
surface where the displacement vector, ui, is prescribed
compliance matrix
total strain energy
free component of Qj
reactant component of Qj
total number of redundancies
m-th parameter
total number of parameters
vector normal to the boundary surface S as shown in Fig. I
volume in which Djk depends on b m.
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U m
Jm
Us
Usm
N
_p
strain energy stored in the volume Vm due to the external loads Pi
m-th joint stiffness
total strain energy stored in a "stick" model under prescribed loading
conditions
strain energy stored in the m-th joint under given external loads
number of joints
joint stiffness multiplication factor
BASIC CONCEPTS
This section summarizes the basic concepts of the general sensitivity study
reported in Refs. [3.5]. They will then be applied to joint behavior in the later
section.
(i) THEORETICAL BACKGROUND - Linearity of the equilibrium and strain-displacement
relations will permit the principle of virtual work to be written as:
Qj qj* dV = _Pi ui* dS
(1)
where Pi and Qj are any statically admissible fields, and u i
kinematically admlssible fields. In the current paper, the
assumed to be negligible. Note that S = Sp + Su (Fig. i).
and q= are any
body _orces are
Let the solution of a structural problem for an elastic material be given by
u-,l Q',j and q-j. These quantities constitute, by definition, both a statically
admissible field and a kinematically admissible field. In addition, qj and Qk
satisfy Hooke's law:
qj = Djk Qk (2)
Note that if the deformations are small, the total strain energy stored in
the loaded system will be equal to the work done by the applied forces. Thus the
99
total strain energy U maybe expressed in terms of generalized stresses as:
U = 1/2 fV Djk Qj Qk dV (3)
Since a structure is, in general, statically indeterminate, one may divide the
generalized stress Qj(x_) at any point x_ into two parts:
Nr
Qj (xl) = QjW (x_) + y. Ajr(x_) Qr
r=l
(4)
where _jr (x_) (r = I ..... Nr) are linear functions of x% _ Then substituting Eq.
(2) int5 Eq. (I) and using the principle of virtual work (Eqs. (1)and (4)), one can
prove that
V Dj k ljr Qk dV = 0 (5)
Eq. (5) implies that the quantity U is minimized with respect to the values of
each of the redundancies; Eq. (5) thus yields exactly N r equations from which
the values of the redundancies may be found.
(ii) SENSITIVITY ANALYSIS The objective, then, is to derive a closed form
expression for the sensitivity coefficient aU/ab m. Differentiating the total
strain energy, U, which is defined in Eq. (3), with respect to the m-th
variable bm, leads to the following expression:
aU _ 8x_ _V ODjk- 1/2 Djk Qj Qk n_ dS + 1/2 Qj Qk dV
ab m ab m Ob m
_V aQj dV+ Djk ab m
Qk (6)
Here Eq. (6) may be considered as material derivative of volume integral [6].
Eq. (6) can be greatly simplified, if one chooses certain types of
parameters. For example, an appropriate choice of cross-sectional properties
(e.g., material property, area, moment of inertia, etc.) of either beam or
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plate/shell structures, makes the first term of Eq. (6) identical to zero. And
since the free components QjW in Eq. (4) are the solutions of the statically
determinate structures, the_ are independent of cross-sectional properties, which
results in:
aQj Nr OQr
= _ _jr
abm r=l Obm
(7)
Then using the minimum strain energy principle (Eq. (5)) and Eq. (7), it can be
shown that the last term of Eq. (6) also vanishes. Finally one can rewrite Eq. (6)
as:
aU / aDjk1/2 -- Qj Qk dV
Obm Vm abm
(8)
It should be noted that the integration in Eq. (8) need only be performed over the
region V m in which Djk depends on bm.
In addition,
proportional to bm
further simplified:
if one can express the compliance tensor Djk as inversely
(i.e., Djk = i/b m ) in the region Vm, then Eq. (8) can be
v)= 1/2 Djk Qj Qk dOb m b m b m
m
(9)
VEHICLE STRUCTURAL MODEL
Before proceeding further, it is necessary to describe a vehicle structural
model for the purpose of studying the sensitivity of local joint stiffness to the
overall structural stiffness.
"STICK" MODEL - A "stick" model has been created according to the concept
described in [2] (Fig. 2). This modeling conc.ept is based on the assumption that
beams/frames are the primary load carrying members in a structure.
The model consists of 188 grid points and 259 beam elements. Beams are
modeled with proper offset vectors, which are often very useful when modeling
beams containing eccentricity [7]. Even though there are no shell elements, per
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se, several equivalent beam elements are introduced to simulate the sheet metal
structures (e.g., floor panel, dashboard, wheel housing, rear quarter panel,
etc.). By equivalent beamelements we meanthat sectional properties are computed
as if panels were beams. The Ford ComputerGraphics System is used to create the
model. The software for the Ford Graphics System is called PDGS(Product Design
Graphics System) which is a general purpose three-dimensional design and drafting
system. FAST (Finite element Analysis SysTem),which is embeddedin PDGS,can be
accessed from the main menuof the PDGSand allows the user to build and modify a
finite element model.
TESTS Bending and torsional tests were performed on the body structure in
accordance with the CompanyTest Procedure. The structure was supported at the
center of front and rear wheels. In order to apply the bending load across each
seat position (so-called H-point), a heavy beamwas laid on three points (on both
left and right rocker panels and the middle tunnel) with spacers underneath so
that the beamcan be levelled with respect to the ground. The beamweighs 4,448.2
N (i,000 lb.). For the torsional test, the applied torque was 3.39 x 106 N-mm
(2,500 ft-lb.) at both centers of the front wheels, while the rear wheel axle was
supported.
ANALYSES- Elastic analyses under bending and torsional loads were performed using
the "stick" model described above with the following boundary conditions and
material properties.
Loading (L.C.) and Boundary (B.C.) Conditions :
(a) Static Bending Analysis
L.C. : Unit downward(-z direction) displacements are prescribed
at both the right and left rocker panels, and the middle
tunnel. This simulates the dead weight applied in the test
setup and these points coincide with the H-point of the
"stick" model. Since displacements are prescribed instead
of forces as the loading condition, reaction forces at the
loading points are computed, and the deflections are
proportionally adjusted so that the sumof the reaction
forces equals 4448.2 N (I000 Ibs.).
B.C. : Simply supported at both the front and rear wheel centerlines
with one end allowed to move freely in the x-direction.
(b) Static Torsional Analysis
L.C. : Twovertical loads, 4945.0 N (1111.7 Ibs.) each, in opposite
directions, which are equivalent to 3.39 x 106 N-mm(2500 ft-lb
torque) were applied at the centerline of the front wheel axle.
B.C. : Simply supported at the centerline of the rear wheel axle.
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Material and Cross-Sectional Properties:
Young's modulus (E) and Poisson's ratio (v) used in the model are:
E = 2.07 x 105 N/_ 2 (30.0 x 106 psi)
v=0.3
ACCURACY OF THE MODEL - In this subsection, the analytical results were compared
to the test data to investigate the accuracy of the model.
The overall deformed shapes obtained from the analyses and the tests for both
bending and torsion are compared in Figs. 3a and 3b. The dotted and solid lines
represent the test data and the analysis results, respectively. The abscissa
denotes the x-coordinate of the body structure from the front to the rear wheel
axles and thus represents the length of the wheel base. The ordinates denote
normalized deflections for the bending analysis and twist angles for the torsional
analysis. Note that these values were measured along the bottom rails of the
structure in the actual test.
Even though the overall deformed shape from the analysis is in good agreement
with that of the test, the analytical and test curves show a slight discrepancy in
the rear of the vehicle. This may have resulted from the slight difference in the
boundary conditions between the analysis and the test setup. The torsional curve
from the analysis gives a good agreement with the test data. It should be noted
that the curve obtained from the test data has more local fluctuation in
magnitude. Studying the reasons of it is beyond the scope of this report.
A rationale which justifies the concept of a "stick" model approximation for
predicting the overall stiffness of a vehicle structure is established in a
separate paper*. In this paper, it is shown that the upper bounds as well as the
lower bounds of total strain energy are the same for both the vehicle structure
and the corresponding "stick" model.
SENSITIVITY STUDY OF JOINTS
Thus far, the basic concept of derivation of the sensitivity coefficients and
the concept of the "stick" model approximation have been presented. This section
Chon, C. T.:
progress.
"Rationalization of "Stick" Model Approximation," work in
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describes the application of the above results to the sensitivity study of joints
which affects the overall vehicle stiffness. As mentioned above, it has been
analytically and experimentally demonstrated in [i & 2] that the joint behavior is
one of the most important factors for the overall stiffness of the body
structure. For the sake of clarity, this section is divided into two subsections:
the cases of a single joint and multiple joints.
A SINGLE JOINT - In the model analyzed, the joint which connects the rocker panel
and the bottom of the B-pillar (see Fig. 4) was identified as the joint to which
the total strain energy was most sensitive. This was done by comparing the
amount of strain energy stored in the joints. After introducing a joint
magnification factor which was used in [2] (see Fig. 4 for the joint locations), a
parametric study of the joint behavior was performed. Fig. 5 shows how the total
strain energy of the structure is affected by the joint stiffness of the B-pillar
and the rocker panels. Note that the total strain energy becomes insensitive as
the joint stiffness becomes large. This phenomenon can be explained using the
sensitivity coefficient derived in the previous section (see Eq. (9)) as follows:
Let bm = Jm and let Us be the total strain energy stored in the model under
the prescribed loading conditions (either bending or torsion). Then Eq. (8)
can be rewritten as:
OUs _V 0Djk1/2 Qj qk dV
aJ m aJm
m
(i0)
Note that integration in Eq. (i0) needs only be performed over the volume in which
the m-th joint is contained. Moreover, since the compliance tensor Djk is
inversely proportional to the m-th joint stiffness, Jm, the final form of Eq. (i0)
is:
aUs Us m
aJm Jm
(ii)
It is very important to note from Eq. (ii) that the sensitivity coefficient
@Us/aJ m goes to zero as the m-th joint stiffness, Jm, approaches infinity.
Mathematically one can write this as:
OUs / Usm )
L i m - L i m -- = 0 (12)
Jm _ 0o aJ m Jm -_ =o Jm
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Eq. (12) proves the phenomenonshown in Fig. 5 for a large value of Jm (see region
"C"). In addition, it should be noted that the total strain energy also becomes
insensitive to Jm as the magnification factor approaches to zero (see region "A"
in Fig. 5). This will be discussed in the next section.
MULTIPLEJOINTS Eq. (12) can be generalized
strain energy with respect to more than one
joints which are of interest, the associated
defined as:
to compute a derivative of the
joint stiffness. Given a group of
joint stiffness multiplier, _p, is
(Jp ......... Jp+N) = _p ( _p ......... _p+N) (13)
The number of joints, N,
can be modified as:
in one group can be completely arbitrary. Then Eq. (I0)
= Z 1/2 Qj Qk dV (14)
Again since Djk = i/_p, Eq. (14) becomes
@Us i N
a_p _p _=p < I/2_V _ Djk Qj Qk dV1 = -
i N
-- 7, U_ (15)
_p _ =P
Note that the individual strain energy has to be summed in this case. Therefore
one can conclude that the following expression is also true:
aU s
Lim
_p _ _ a_p
= 0 (16)
Eq. (15) implies that the strain energy Us is a hyperbolic function of the
multiplication factor of the joint stiffnesses. Fig. 6 shows the total strain
energy variation as functions of the multiplication factor, _p. Again, the total
strain energy becomes far less sensitive if _ exceeds a certain value. This is
the proof of the findings reported inRefs. [l]Fand [2].
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DISCUSSION AND CONCLUSIONS
EFFECTS OF A SINGLE JOINT - When a single joint is varied, the overall vehicle
stiffness becomes sensitive to the local joint stiffness only within a certain
stiffness range (region "B", Fig. 5). In other words, the structure looses
sensitivity not only when the magnification factor is small (region "A"), but
also when the magnification factor is large (region "C"). The latter case has
been proven in the previous section. For an explanation of the former case, one
may consider the concept of a "failure mechanism" which has been used extensively
in the literature on Limit Analysis [8]. Since the structure can sustain the
given load with one or more "yield hinges", as long as the structure does not form
a "mechanism", the structure can be said to have a finite stiffness, which is
shown in the region "A" of Fig. 5. This means that, even if one removes the
particular joint, the structure will still sustain a load within given limits.
EFFECTS OF MULTIPLE JOINTS In the case of multiple joints, flexible joints have
been introduced by adding 24 rotational spring elements at 12 structural joints in
the model. The joints added in this fashion are shown in Fig. 4. A joint
stiffness magnification factor (see _p in Eq. (13)) was introduced and a
parametric study of the joint behavior was performed. Fig. 6 shows a diagram of
the total strain energy of the "stick" model versus the joint stiffness magnifica-
tion factor for both bending and torsional loading cases. Published values for
the joint stiffness obtained from three vehicle tests [ 9] (see Table I) were used
in the analyses. Table 2 as well as Fig. 6 compares the strain energy of the
"stick" model (which has rigid joints) with strain energy computed using those
three sets of joint stiffness. It is interesting to note that the strain energy
values using the three sets of joint stiffness are all within a range of 39 and
that those values, compared with the values of the "stick" model which has rigid
joints, differ by a maximum of liP. This means that the actual values of joint
stiffness may be equal to or slightly smaller than the corresponding threshold
values. Unlike in the case of a single joint, the total strain energy becomes
infinitely large as the multiplication factor approaches to zero; this indicates
that the joints shown in Fig. 4 may form a "failure mechanism".
"STICK" MODEL - These findings of the joints support the following hypothesis: A
structure consisting of thin panels surrounded by frames, as is typical of
automotive structures, may not be stiffened substantially by the panels under
usual loading conditions, for the panels will buckle or deform like thin
membranes, offering no support at the interior points. Even under these
conditions, however, the part of the panel near the edge remains relatively
undeformed, and acts as a gusset which stiffens the joint. This, then, implies
the following modeling technique for the "stick" model of a vehicle structure: (i)
The joints can be treated as rigid in the model, reflecting the fact that the
panels act as gussets; this allows the joint stiffness to exceed the threshold
value, and (ii) Since the panels contribute negligibly to the stiffness of the
structure away from the joints, they do not have to be explicitly included in the
model.
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EFFECTS OF OTHER COMPONENTS -This idea, which has been applied to the joints, can
be extended to other components. Similar phenomena can be seen by varying
stiffness values of other components instead of varying those of just the joints.
Figs. 7a and 7b show how the overall bending stiffness (solid lines) and
torsional stiffness (dotted lines) change with the stiffness of the rocker panels
or the tunnel. Figs. 7a and 7b were generated by varying the stiffness (abscissa)
of the rocker panels and the tunnel, respectively. The ordinates represent the
maximum deflections for bending and the twist angles for torsion, respectively. It
is obvious from both Figs. 7a & 7b that the overall vehicle stiffness is much more
sensitive to the rocker panel than to the tunnel under bending as well as
torsional loadings. One can, however, see that the curves of both figures become
flat as the stiffness of these two components increases. This phenomenon can also
be shown using the equations derived in the previous section by replacing the
variable bm with the stiffness of either the rocker panels or the tunnel.
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TABLEI.- MEASUREDJOINT STIFFNESSVALUES.*
JOINTS
STIFFNESS(xl07 N-mm/rad)
Vehicle A Vehicle B Vehicle C
I
2
3
4
5
6
2.12/1.61 3.96/3.48 5.12/3.38
3.55/2.46 2.45/3.69 3.48/2.84
14.4/3.92 28.7/15.6 18.0/5.14
20.1/3.26 39.3/4.51 27.4/4.12
2.35/0.18 2.75/0.12 7.41/0.20
10.1/0.54 22.6/1.25 16.9/1.29
(Fore-Aft/In-Outboard)
*(See Fig. 4 for corresponding joint numbers.)
TABLE2.- COMPARISONFSTRAINENERGIESOF "STICK" MODELANDSTRAINENERGY
COMPUTEDUSINGJOINTSTIFFNESSLISTEDIN TABLEI.
STRAINENERGY BENDING TORSION
U ("STICK" MODEL) 7.04xi03 (i.00) 2.88xi04 (I.00)
U (Vehicle A)
U (Vehicle B)
U (Vehicle C)
N-mm
7.79xi03 (i.ii)
7o69Xi03 (1.09)
7.57xi03 (1.08)
3.17xi04 (i. I0)
3.07xi04 (1.07)
3.11x104 (1.08)
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Sp
Pi
Pi+l
nj
V
S u
Figure 1 - A general body surface S consists of two parts, Sp and Su. Over Sp,
forces are prescribed and over Su, displacements are prescribed. The
term n is the unit vector normal to the surface.
Figure 2 - A typical "STICK" model with cross-sectional shapes of beam elements.
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Figure 3 - Deflection versus wheel base length a "STICK" model for bending
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results and test data, respectively.
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Figure 4 - Joint locations.
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